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We are interested in isometric actions of a fixed finitely generated group on R-trees. Using 
metric methods inspired by Gromov’s work, we define a more geometric topology on sets of such 
objects. We prove it to be the same as the Morgan-Shalen topology, defined by the translation 
lengths of the group elements, in the case of minimal irreducible actions. 
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Introduction 
New methods in combinatorial group theory have appeared following Bass and 
Serre’s results about group actions on trees [17]. The work of Lyndon [lo] and 
Chiswell [3,4] on length functions on groups, of Morgan and Shalen [13, 141, 
Morgan [ 121, Morgan and Otal [ 1 I], in low-dimensional topology, and of Culler 
and Vogtmann [6] led to introduce a generalization of combinatorial trees called 
R-trees. These are metric spaces such that every two points are joined by a unique 
arc, and such that this arc is isometric to an interval of R. For example, connected 
and simply connected simplicial l-complexes are R-trees. An R-tree is a length space 
in the sense of Gromov [7]: the distance between two points is the length of the 
shortest path between them. 
Let r be a fixed finitely generated group. In this paper, we are interested in the 
space of isometric actions of r on R-trees. More precisely, let us say that an action 
of r on a topological space T is irreducible if there is no fixed end (see Definition 
2.1). An action of 1’ on an R-tree is said to be minimal if there is no proper invariant 
subtree. We will consider the set Y-(r) of R-trees T endowed with a minimal 
irreducible action of lY 
In [13, 5, 111, the set Y(I) is endowed with the axes topology defined as follows. 
Suppose r acts on T, define the translation length of y E r as 
IT(Y) = $f d(x, 7x). 
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The axes topology on T-(1’) is the smallest topology that makes the functions 
T++&(Y) continuous. Actually, the restriction to minimal irreducible actions is 
precisely meant to make this topology Hausdorff. In particular, two minimal 
irreducible actions with the same translation lengths are isometric [5]. 
On the other hand, Y_(r) may be endowed with another topology, called Gromov 
ropology, developed in [ 15, 161, which describes in a more geometric way the “shape” 
of a tree T endowed with an action of lY The main result of this paper is the 
following theorem. 
Main Theorem. 7’he Gromov topology and the axes topologqj coincide on F(r). 
It should be observed that, for reducible actions of r on R-trees, the Gromov 
topology is much stronger than the axes topology. 
Let us describe now the Gromov topology on Y(r). It has been suggested by 
Bonahon, following a definition of Gromov [g, 91. 
Definition. Let K, K’ be two metric spaces. Let F > 0. An e-approximation between 
K and K’ is a relation 2 in K x K’ that is onto (i.e. pr,(%) = K and pr2(%!) = K’) 
such that 
Vx, y E K, Qx’, y’ E K’, x%x and y%y’ + Id(x, y)-d(x’, y’)l< E. 
A typical example of an s-approximation is the graph of a map K + K’ which 
is onto and perturbs the metric less than e. 
Definition. Let T be in Y(r). Let K be a compact subset of T, P a finite subset of 
r and let E > 0. Let V,( K, P, E) be the set of elements T’ in Y-(1‘), such that there 
exist a compact subset K’ of T’ and a closed e-approximation 23 between K and 
K’, which is P-equivariant in the following sense: 
Vxg K,Qx’E K’,QcKE P, ax E K and X%X’ =+ (YX’E K’ and ax%crx’. 
The collection of V,( K, P, e) defines a neighbourhood basis at T for a topology 
on 3(r) (see Section 4), called the Gromov topology. 
This topology is an equivariant version of the topology defined by the Hausdorff 
distance on F-(r) (see [S, 91). It can be generalized for any set of metric spaces 
endowed with an isometric action of G (see [15, 161). A major problem comes from 
the fact that an R-tree is usually not locally compact. Take as example the Dirac 
comb based on a Cantor subset of the interval [0, 11, union this interval. Endow it 
with the unique distance that makes it a length space, and that induces the usual 
distance on the comb’s teeth and on [0, 11. We thus get a non-locally compact R-tree. 
Some general properties of the Gromov topology on the space of isometric actions 
of I- are described in the papers [ 15, 161. In particular, using methods inspired from 
Gromov’s work, we proved a sequential compactness criterion for the Gromov 
topology. 
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Let r be a finitely generated group, containing a free group of rank 2. Let Y.Y(Z‘) 
be the space of R-trees (containing more than one point) endowed with a minimal 
action of 1; with small edge stabilizers (i.e. the stabilizers of pairs of distinct points 
do not contain any free group of rank 2). Using our compactness criterion, we give 
in [ 151 a more geometrical proof of a theorem of Culler and Morgan, which asserts 
that CP,Y.Y(T) is compact. Here, RYY(T) is the “projectified” space Y.Y(l’) where 
we identify homothetic metrics. For this, our main theorem is necessary to check 
that our topology is the same as Morgan and Shalen’s. 
In [15, 161, we also recover the result of [13, 121, that we can compactify the 
space of discrete and faithful actions of r on the hyperbolic space W” by actions 
with small edge stabilizers on R-trees (see also [2]). In [16], we prove that for a 
large class of actions of r on metric spaces with hyperbolic behaviour (see [7]), 
such as R-trees and RI”, the translation lengths are continuous for the Gromov 
topology, which is a generalisation of Theorem 4.2. Moreover, we prove in [ 161 that 
translation axes of the limiting R-tree are “limits” of translation axes of the degenerat- 
ing hyperbolic structure. 
To prove our main theorem, we are first going to study (Section 1) the local 
structure of R-trees. More precisely, we are looking at the relative position of the 
translation axes and fixed points of two elements of I: We will prove (Section 3) 
the continuity for the axes topology of some functions expressing geometric proper- 
ties of the translation axes. Lastly, we will prove (Section 4) that the Gromov 
topology and the axes topology do coincide on 9(r). 
This paper has been written simultaneously with the papers [5, 11, and indepen- 
dently. Some of their results can be found here. 
1. Geometric properties of the translation axes 
Let us recall first some notations and results from Morgan and Shalen’s paper 
[13]. In a metric space, a segment is defined to be a subset isometric to an interval 
of the set of real numbers R. A ray is by definition a segment isometric to [0, +a[. 
Definition 1.1. An R-tree is a complete metric space T such that, for all points x, 4’ 
in T, there is a unique compact arc with endpoints x and y, and such that this arc 
is a segment. We denote it by [x, y]. 
Let y be an isometry of T. A translation axis (or axis for short) of y, denoted by 
A,,, is a segment in T invariant by y, isometric to R, such that the restriction of y 
to A, is a translation that is not the identity. The distance d(x, yx) does not depend 
on the chosen isometry between A,, and R, nor on the point x in A,,. It will be 
called the translation length of y, and will be denoted by lT( y), or I(y) when no 
confusion may arise. 
200 E Paulin / The Gromov topology on R-trees 
An isometry of T without fixed point is called hyperbolic. A non-hyperbolic 
isometry of T is said to be elliptic. (See [5,7, 13, 161 for an explanation of this 
terminology.) 
Theorem 1.2 (Morgan-Shalen [13]). Let y be an isometry of a non-empty R-tree. 
Then y has a translation axis if and only if y is hyperbolic. Moreover, when y has an 
axis A,,, this axis is unique, and 
k(y) = rfliip d(x, ox), A,={xE Tld(x, YxYX)=MY)I. 
If y is an elliptic isometry of T, we define I,(y) = 0. Note that an isometry y of 
T satisfies IT(y) = 0 if and only if y has a fixed point in T. 
Construction 1.3 (Morgan-Shalen). Let y be a hyperbolic isometry of a non-empty 
R-tree T. One way to construct the axis A,, of y is as follows [13]: 
Let x be an element of T, and [x, yx] be the segment between x and yx. The 
intersection of the segments [x, yx] and y-‘([x, yx]) is then a compact segment 
[x, x,]. It can be shown [ 131 that yx, is in [x, yx], that yx, is not in [x, x,] and that 
the segment [x,, yx,] is contained in A,,. So we get IT(y) = d(x,, yx,) (see Fig. 1). 
y-lx x YX 
. . . 
L L *Y 
Y-lx1 x1 Yxl 
Fig. 1. 
Let y E T and v’ be the orientation germ at y of the segment [y, yy] from y towards 
yy. If the image of v’ by y does not coincide with the orientation germ at yy of the 
segment [yy, y] from yy towards y, then [y, ry] is contained in A,, and I,(y) = 
d(y, YY). 
Until the end of part 1, T denotes a fixed R-tree. We are now going to study the 
relative position of the axes and fixed points of a couple of isometries (y, 6) of T. 
We denote by y6 the composition y 0 6 of the two isometries. 
Remark 1.4. If y is a hyperbolic isometry of T, then for every n # 0, y” is also 
hyperbolic, with the same axis as y. The image of the axis A, by an isometry 6 of 
T is the axis of SyK’, and I,(y) = I,(SyK’). 
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Indeed, y” acts by translation on A,,. By the uniqueness property (Theorem 1.2), 
y” has the same axis as y. Moreover, if x E A,,, then 
d(Sx, sys-‘6x) = d(x, yx) = I$ d(y, yy) = yj&l d(K’y, ys-‘y) 
= ycirg d(y, 6~6~‘~). 
Let A and B be two connected subsets of T. Then they are pathwise connected. 
Suppose that they are closed, non-empty, and that their intersection is empty. Then 
(see [5] for instance) there is a unique compact segment a = [x, y] such that 
An a = {x} and B n a = {y}. It will be called the connecting urc between A and B. 
The point x is by definition the projection of B on A. 
Remark 1.5. If x, y, z are points of T, then d(x, z) = d(x, y) + d(y, z) if and only if 
z is a point of the segment [x, y]. 
In particular, the fixed point set of an elliptic isometry of T is a closed connected 
subset of T. It is even a convex subset, which means that the segment joining two 
points of this set is contained in it. 
Moreover, if 6 is an elliptic isometry of T, then the midpoint of the segment 
[x, 6x] is fixed by 6 for all x in T. 
The last assertion deserves to be proved. If y is a fixed point of 6, let z be the 
point in T such that [y, z] = [x, y] n [y, 6x]. Then z is fixed by S, and lies on the 
segment [x, 6x]. Since d(x, z) = d(6x, 6~) = d(6x, z), the point z is the midpoint of 
[x, 6x1. 
A segment contained in T is said to be non-degenerate when it contains more 
than one point. Two translation axes are said to be biradiating if they meet precisely 
in a ray. 
Let x, y be two distinct points of T. An isometry y of T translates x towards y, if 
the segment [x, y] is contained in the axis of y and if yx is on the same side as y 
on A,, with respect to x. This does not depend on the chosen isometry between A,, 
and R. 
Proposition 1.6. Let y, 6 be two hyperbolic isometries of T 
(1) If A,, n A, = 0 and D is the length of the connecting arc S between A, and A,, 
then S is contained in the axis of y6, and the isometry y6 translates S n A6 
towards Sn A,. We have 
l(y6)=l(y)+l(6)+20. 
(2) Suppose that A,, n A6 is a non-degenerate compact segment [x, y]. 
(i) If the translation directions of y and 6 on [x, y] coincide, then 
4Y6) = l(Y)+ ~(~1. 
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(ii) If the translation directions of y and 6 are opposite, and D is the length of 
l(+) = 
l(y)+/(6)-20 if/(y)> Dandl(G)> D, 
II(y) - l(S)1 otherwise. 
(3) If the translation axes A8 and A,, are equal or biradiating, then 
I(ys) = 1 
j(y) + j(6) if y and 6 translate in the same direction, 
IZ(y) - r(s)1 otherwise. 
Proof. A preliminary remark is that, if S is a segment meeting the translation axis 
A,, in a single point x, then yS is a segment disjoint from S, intersecting A,, only 
in yx. These facts follow from Construction 1.3 and the definition of an R-tree. 
(1) Set S = [x, y] with A, n S = {x} and A, n S = {y}. According to the above 
remark, the path from y to y(6y) first goes from y to x along S, then from x to yx 
along A,, from yx to yy along yS, and from yy to y6y along yA,. See Fig. 2. Hence 
d(y, y6y) = l(y) + l(6) + 20. By studying the image of an orientation germ at y of 
the segment [y, ysy] from y towards y6y, the result follows from Construction 1.3. 
(2) Suppose first that the translation directions of y and 6 coincide on [x, y]. 
After possibly permuting x and y, we suppose that y and 6 translate x towards y. 
Let D be the length of the segment [x, y]. 
If l(6)> D, then according to the preliminary remark (see Fig. 3), 
d(x,y6x)=d(x,y)+d(y,yy)+d(yy,~~x) 
=D+I(y)+(1(6)-D)=l(y)+l(G). 
Fig. 3. 
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The result then follows from Construction 1.3, using orientation germs (see Fig. 3). 
If l(6) < 0, then 6x E A,, and I( 76) = I(y) + f(6). After possibly replacing y8 by 
a power of itself, the segment [x, ~6x1 contains [x, Y]. According to Remark 1.4, 
the segment [x, Y] is contained in the translation axis of yS. 
Suppose now that the translation directions are opposite. We suppose that y 
translates x towards Y. In each of the following cases, we consider the image by yS 
of the direction germ at Y of the segment [Y, $Y] from Y towards y6Y. The result 
then follows. 
Case 1. If l(y) > D, l(6) > 0, then x lies on the segment [y -‘y, Sy]. Therefore 
d(Y, YSY) = d(Y’Y, Sy)= d(Y-‘Y, x)+d(x, SY) 
=(l(y)-0)+(1(6)-0)=1(6)+~(r)-2D (see Fig. 4). 
Fig. 4 
Case 2. If I(y) s 0, 1( 6) s 0, then suppose for example that I( 8) G I(y) so that 
6y lies between y and yP’y. Hence 
d(y, ySy) = d(y-‘y, Sy) = d(y-‘y, y) -d(y, Sy) = I(y) - l(6) (see Fig. 5). 
Case 3. Otherwise, suppose I(y) d D and l(6) > D. Then yx is a point of the 
segment [x, y], and x lies in [ 6y, y] (see Fig. 6). Hence 
(3) The third part of the proposition is clear. Note that the translation axis of 
y6 intersects the axes of y and 6 in at least a ray. c7 
Fig. 5 
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Fig. 6. 
Observe that if y and 6 are hyperbolic isometries of T, with disjoint translation 
axes, then the compositions of two elements in {y, 6, y-l, CT’} have equal translation 
lengths. 
Let us now consider a couple of isometries, one hyperbolic and the other elliptic. 
Proposition 1.7. Let y be a hyperbolic isometry of T and let S be an elliptic isometry. 
(1) Suppose that A, contains at least one fixed point of 6. Note that SyS is a 
hyperbolic isometry of T (Remark 1.4). Then the intersection of A,,6mI and A,, 
is non-empty, and contains all the fixed points of 6 in A,. 
6) 
(ii) 
(iii) 
It- A&5 1 and A, are equal, then either 6 is the identity on A, and l(yS) = 
l(y), or S is the reflection about the unique fixed point of 6 in A, and 
I( YS) = 0. 
If A~yfi -1 and A,, meet in a compact segment, denote it by> [x, y] so that, 
if x # y, the isometry y translates x towards y. If x = y, then l( yS) = l(y). 
If x # y, then 
- either y and SyS’ translate in the same direction on A,,,-1 n A,, and 
every point of this segment is$xed, and then 
l(YS) = l(Y), 
- or y and SyS’ translate in opposite directions on A,,,-1 n A,, and this 
segment contains the unique fixed point z of 6 in A,,, and then 
1 
0 
l(YS) = 
if l(Y) s 2d(x, z), 
l(y) -2d(x, z) otherwise. 
The last possibility is when A8,,-l and A,, intersect in a ray R, with 
endpoint x. 
- If y and SyS translate in the same direction on R, = A,,fiml n A,, then 
every point of this ray is fixed and 
l(YS) = l(Y). 
- Otherwise y and SyS-’ translate in opposite directions on R,. This ray 
then contains only one fixed point z of 6. , 
If yx is not in R, , then I( yS) = 0 otherwise, 
l(YS) = 
0 if l(Y) s 2d(x, z), 
l(y) - 2d (x, z) otherwise. 
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(2) Suppose that A, does not contain anyjxed point of 6. Then 
a = l(y)+2 ,,.,~$O~“,,., d(x, A,). 
Proof. The proof of l(i) is clear, since 6A, = AzY8-t (Remark 1.4). 
Let us prove l(ii). If x # y, for every z E [x, y], let ]z, +toorY (resp. l-00, z[,) be 
the open half-line of A, with endpoint z, that does not contain x (resp. y) but 
contains y (resp. x). In the same way, let [z, +m[8ys 1 (resp. ]-CO, ~[+,~~l) be the 
open half-line of 6A, = A,,,, -1 with endpoint z, that does not contain x (resp. y) but 
contains y (resp. x). 
Let z be a fixed point of 6 in A,. Then z belongs to A, n ??A, = [x, y]. Suppose 
that x # y. If the isometry 6 sends [z, +a[,, onto [z, +oo[,,,-1, then the point y is 
fixed by 6 (Remark 1.5). Moreover, 6 also sends l-00, z[, onto l-03, z[~,,~ 1, hence 
x is fixed. According to Remark 1.5, the set of fixed points of 6 in 
The points of [x, y] then are fixed by 6. The isometries y and 6~6 
same direction on [x, y] (see Fig. 7(a)) 
A, is a segment. 
’ translate in the 
Fig. 7 
In the opposite case, 6 sends [z, +fc~[,, onto ]-CO, z[~,~ 1 and ]-co, z[, onto 
rz, +~rW’. The point z then is the only fixed point of the segment [x,y]. The 
isometries y and SyK translate with opposite directions on [x, y] (see Fig. 7(b)). 
First suppose that every point of [x, y] is fixed under 6. By looking at the image 
by yS of an orientation germ at x from x towards ySx, we get I( yS) = d (x, yx) = l(y). 
In Fig. 7(a), we supposed that yx E [x, y], but the result is the same if y E [x, yx]. 
If x = y, we get in the same way 1( ~6) = f(y). 
Suppose now that z is the only fixed point of 6 in A,. 
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Suppose I(y) c 2d(x, z). Then x # z. Then the point in ]z, +co[~ at distance +I( y) 
from z is fixed by y& Indeed, its image by 6 lies on the segment [x, z]. Hence 
l(y6) = 0. 
If I(y) > 2d(x, z), by studying the image of YX by 6, the point x lies between 6yx 
and z. so d(yx,y6yx)=d(x,6yx)=d(Syx,z)-d(x,z)=d(yx,z)-d(x,z)= 
I(y) -2d(x, z). Using the usual trick about orientation germs, we get I($) = 
d(yx, y6yx) = I(y)-2d(x, z). In Fig. 7(b), we supposed that y E [z, yx], but the 
picture is quite the same if yx E [z, y]. 
The proof of (iii) is completely similar to the preceding one. 
Now let us prove (2). Let x be a fixed point of 6. Let y be the projection of x on 
A,. According to the preliminary remark of the proof of Proposition 1.6, the image 
of the segment [x, y] by y is a segment meeting A, in { yy}. The segment [x, yy] 
meets its image by 6 in a segment [x, z]. Every point in [x, z] is fixed by 6. In 
particular, the point z is in [x, y] -{y}. See Fig. 8. According to the orientation 
germs, since y6z = yz, the axis of yS contains the segment [z, yz], and I($) = 
d(z, YZ) = 4~)+2d(z, A,). 
The point z is a fixed point of 6, the closest one to A,. Actually, suppose that x’ 
is a fixed point of S. Then the segment [z, x’], fixed by 6, intersects [z, y] only at 
the point z, according to the construction of z. Hence d(x, A,) 2 d(z, y). 0 
I 
Y YY 
Fig. 8. 
Let us now look at the case of two elliptic isometries. 
Proposition 1.8. Let y, 6 be two elliptic isometries of T. Then 
l(y6)=2 min d(x, Y). 
x fixed point of y. 
y fixed point of S 
Moreover, if the $xed point sets of y, 6 are disjoint, then the connecting arc between 
these two connected subsets is contained in the axis of yS. 
Proof. If y and 6 have a common fixed point, the result is clear. 
Otherwise, denote by x (resp. y) a fixed point of y (resp. 6). Let S be the segment 
[x, y]. Then yS n S is a segment [x, z] fixed by y. And SS n S is a segment [y, z’] 
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Fig. 9 
fixed by 6. The isometries y and 6 have no common fixed point. Hence the segments 
[x, z] and [y, z’] do not intersect (see Fig. 9). 
We then get 1( ~6) = d(z, y6z) = d(z, 6z) = 2d( z, z’) since z’ is the midpoint of the 
segment [z, 6z] (Remark 1.5). This shows that d(z, z’) does not depend on the fixed 
points x and y, and completes the proof. 0 
2. Minimal and irreducible actions 
From now on, we denote by r a fixed finitely generated group. All actions will 
be left isometric actions. We are going to restrict our study to some class of [W-trees 
endowed with an action of lY 
Definition 2.1. The action of r on the IX-tree T is said to be minimal if the only 
invariant subtrees are $4 and T. 
An end of an [W-tree T is an equivalence class of rays in T, with two rays identified 
if their intersection is a ray. The action of r on the [W-tree T is said to be irreducible 
if there is no end of T fixed by every element of lY 
The action is said to be reducible when it is not irreducible. If the action is 
reducible, then a ray “containing” an end fixed by r intersects every translation 
axis in a ray. In fact, the only ends of T fixed by an hyperbolic isometry y are the 
ends of the translation axis of y. 
Definition 2.2. We denote by Y-(1’) the set of equivalence classes of R-trees, contain- 
ing more than one point, endowed with a minimal irreducible action of IY Two 
such objects are identified if there exists an isometry from one onto the other 
commuting with the actions. 
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The reason why 9_(r) is indeed a set is a consequence of Proposition 2.4. Examples 
of non-trivial minimal irreducible actions are obtained in [3,4, 10, 13, 111. 
We are now going to develop the properties of minimal [W-trees. 
Lemma 2.3 (Serre). Let r be ajnitely generated group, acting on an R-tree T If every 
element in r has a fixed point in T, then r has a global fixed point. 
Proof [13]. The proof proceeds by induction on the cardinal n of a finite system 
of generators {g,, g,, . . . , g,,} of K The case n = 1 is clear. The group A generated 
by the elements g,, g,, . . . , g,_, has a fixed pointy in T, by induction. The midpoint 
of [y, g,,y] is fixed by g, and g,A, according to Remark 1.5. It is then fixed by the 
whole group. 0 
Proposition 2.4. Let r be a finitely generated group. Let T be an R-tree endowed with 
an action of r. If r has nohxed point in T, there is a unique non-empty subtree of T 
invariant under r. It consists of the union of the translation axes of T. In particular, 
if T does not consist of one point, the action of r is minimal if and only if T is the 
union of its translation axes. 
Proof. Denote by T’ the union of the translation axes of T. If T’ = 0, every element 
of r would be elliptic. According to the preceding lemma, we would get a global 
fixed point. By Proposition 1.6 (I), the space T’ is connected, hence a subtree of 
T. It is invariant under r, according to Remark 1.4. 
Let T” be a non-empty invariant subtree of T. Let x E T”. Let y be an element of 
r which is hyperbolic on T. Then by Construction 1.3, T” contains a point of the 
axis A,. (For example the midpoint of the segment [x, 7x1.) Therefore T” contains 
the whole A,,. If A8 is another axis that does not meet A,, then A, meets an axis 
meeting A,, according to Proposition 1.6 (1). So T” contains every translation axis 
ofT. 0 
This result shows in particular that an R-tree endowed with a minimal action of 
a finitely generated group is a countable union of compact subsets. Its vertices (i.e. 
points x in T such that T -{x} has at least three connected components) are 
countable. Such a tree also has a compact fundamental domain, which can be chosen 
to be a finite union of compact segments. 
Proposition 2.5. Let r be a finitely generated group. Let T be an R-tree endowed with 
a minimal action of I’. Then T has a compact fundamental domain K (i.e. lJ,,EI. yK = 
T). 
Proof (sketch). Let G be a finite subset of generators of lY Let K be a compact 
connected subset containing: 
- a fixed point of every elliptic isometry y in G, 
_ a segment [x, lyx] for every hyperbolic isometry y in G, with x any point of the 
translation axis of y. 
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We proceed by induction on the minimal length I/y 11 of a word in the generators 
G representing YE lY We prove that for every YE r, the set r. K = UYi,. yK 
contains: the translation axis A, of y if y is hyperbolic; a fixed point x,, of y if y 
is elliptic; the (possible) connecting arc between A, or {x,} and K. The proposition 
then follows from Proposition 2.4. 
If 11 yI[ = 1, then y belongs to G u G-‘, and the result follows from the construction 
of K, and the fact that A, = Unta y” [x, yx], for every x in the (possible) translation 
axis A,. 
Else, write Y=Y~Y~, with IIY~II<I~YII and II y2() < )I yll. Apply the induction 
hypothesis to y, , yz. The result then follows (with a little work) from Propositions 
1.6, 1.7 and 1.8. q 
Proposition 2.6. Let r be a.finitely generated group, containing a free group (CY, p) of 
rank 2. Let T be an &!-tree endowed with an action of r without any global fixed point. 
Suppose that the stabilizer of a non-degenerate segment does not contain any free group 
of rank 2. Then the action is irreducible. 
Proof. Suppose that the end b, of T is fixed by r If z is a fixed point of (Y, the 
ray going from z to b, meets its image by (Y along a ray going from z to b,,. It is 
then fixed by cr. Moreover, every translation axis contains b,. 
So there is a ray R contained in the translation axis or in the set of fixed points 
of cy (resp. p). But then the free group ([n, p], [N’, p]) of rank 2 fixes a non- 
degenerate segment. That contradicts our hypothesis. 0 
Remark 2.7 [.5]. A minimal R-tree, which does not consist of one line, is reducible 
if and only if there is a ray meeting every translation axis in a ray. 
Proof. The end b,X defined by this ray is fixed by every hyperbolic isometry of K 
Let 6 be an elliptic element in IY We have to show that 6 fixes b,. According to 
the hypothesis and to Proposition 2.4, there exist hyperbolic elements 7, y’ in r, 
with distinct axes A,, A,,,. Thus the intersection A,. n A, is a ray going to b.,. 
Suppose that y translates towards b, . 
Suppose that z is the only fixed point of 6 in A,. Denote by A,, an axis obtained 
by translating A,,, along A, with a sufficiently large power of y, so that z does not 
lie on A,. According to Proposition 1.7, the image of A,, by 6 is an axis that does 
not contain b,. This is a contradiction to our hypothesis. 
So, since A,,, 1 n A,, contains a ray going to b, and according to Proposition 
1.7, the segment A,,, 1 n A, is fixed by 6. Therefore 6 fixes the end b,,. 0 
Remark 2.8 [5]. Consider an R-tree T endowed with an irreducible minimal action 
without any global fixed point. Suppose that T does not consist of one line. Then, 
for every hyperbolic isometry y, there exists another hyperbolic isometry with disjoint 
axis. 
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Proof. Let A8 be an axis distinct from A, (Proposition 2.4). First suppose that the 
intersection of A,, and A, is compact. Translate A, by a sufficiently large power of 
S. We thus obtain an axis disjoint from A,. 
Suppose now that the axes A, and A, are biradiating. Then there is an axis A, 
that does not contain the common end (Remark 2.7). Then translate A,, by a 
sufficiently large power of 6 or 6-l. We also obtain a translation axis disjoint 
from A,,. q 
3. The axes topology 
Let r be a fixed finitely generated group. Suppose T is an [W-tree endowed with 
an action of I’. We denote by lr the function from r to iw, defined in the following 
way: 
VY E r, MY) = _jp; d(x, YX). 
It is the “translation length” function of T. It has been proved by Culler and 
Morgan [5] (and in the more general context of A-trees by Alperin and Bass) that 
this function characterizes a minimal irreducible R-tree modulo equivariant isometry, 
but we will not use this result, which appears as a consequence (see Remark 4.6). 
Definition 3.1. Let y and S be two hyperbolic isometries of an [W-tree T. If the 
translation axes A8 and A, have a non-empty intersection, we denote by D,( y, 6) 
the length of the common segment. Otherwise, we denote by Z17( y, 6) the opposite 
of the length of the connecting arc between A, and A,. 
Note that &( ‘y, 6) = +KJ if and only if the translation axes are equal or biradiating. 
For every couple (p, q) of positive integers, we have DT( y, S) = &( y”, aq), and of 
course DT( y, 6) = Z&(6, y). The following result shows that the function D,(. , .) 
depends only on the translation lengths. 
Lemma 3.2. Let T be an element of 3(r). Let y and S be elements of r. The following 
statements depend only on the translation length function lr of T: 
(a) y and 6 are hJjperbolic in T. 
(b) The intersection of the translation axes of y and 6 is the empty set (resp. a single 
point, a non-degenerate compact segment, a ray, a line). 
(c) The translation axes of y and 6 have a non-degenerate intersection. The transla- 
tion directions of y and S on this intersection coincide (resp. differ). 
Moreover, for all suflciently large positive integers p and q, if the intersection of the 
translation axes of y and 6 is compact (or empty), and if y, 6 translate in the same 
direction: 
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Proof. An isometry is hyperbolic if and only if its translation length is not zero. 
The following assertions come from Proposition 1.6. 
The axes of y and 6 have an empty intersection if and only if I,( 76) > I,(y) + I,(6), 
and then &( ‘y, 6) = i( IT( y”) + 1,(6’) - IT( y”8’)) for every p, q in Z\(O). 
The axes A, and A, meet in one and only one point if and only if 17.(yS) = 
f-r(~~‘6)=/7.(~)+~IT(fi), and then D,(y,6)=l(lr(~p)+1,(6Y)-IT(yP~Y))=0 for 
every p, q in Z\(O). 
So the non-degeneration of the intersection of the axes depends only on the 
translation lengths. The isometries y and 6 then translate in the same direction if 
and only if IT( 715) = 17.(y) + r,(8). Suppose that the intersection A, n A,, is compact. 
Then after possibly changing y into y-l, we suppose that y and 6 translate in 
opposite directions. For every integers p, q in Z such that I,(y”) > D,(y, 6) and 
fT(ay) > &( y, 6), the announced formula for D,( 7, S) follows from Proposition 
1.6(2). 
The axes of y and 6 in T are equal or biradiating if and only if l,(y”6”) = 
IMV-M@Ylf or every integer p, or if I,( ~~“6”) = lIr( y”) - I,( S”)/ for every integer 
p (Proposition 1.6). Suppose that the axes A, and A8 are biradiating. Let A, be a 
translation axis disjoint from A, (Remark 2.8). After possibly translating it by a 
sufficiently large power of y or y -I, its projection on A,, does not belong to A8. 
Therefore the distance from A,, to A, is less than the distance from A,, to As. 
According to the previous assertions, the same property would hold in another 
[W-tree T’ with the same translation length function. In particular, the axes A: and 
Ah would be biradiating. 0 
Let us define now a topology on Y(r). The group r is endowed with the discrete 
topology, and iw:‘ with the product topology. 
Definition 3.3. The axes topology on Y-(r) is the topology induced by the map from 
Y_(r) to IQ:‘ which associates its translation length function I, to an R-tree T. 
Let T be an element of .Y(I‘). A neighbourhood basis at T for this topology 
consists of the subsets V,( F, P) of Y(r), with F > 0 and P a finite subset of lY An 
element T’ in 9_(r) lies in V,( F, P) if V y E P, j&(y) - I,,( y)l < E. 
Let us show that the function which associates the real number &(y, S) 
(Definition 3.1) to the [W-tree T is continuous for this topology. We are first going 
to extend its definition to couples of isometries that are not always hyperbolic. 
Definition 3.4. Let T E F( I’) and y, 6 E lY If y is hyperbolic in T and 6 elliptic, we 
define 
&(% 6)= -min.x6xedpointofi, d(x, A,,) ( = :D,( y, SyF’), see Fig. 8) if A, contains 
no fixed point of 6; 
DT( y, 8) = Dl( y, 8~6~‘) if A,,,m~ n A,, is a non-degenerate segment on which y 
and 6~6~’ translate in the same direction; 
D,( y, 8) = 0 otherwise. 
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If 6 is hyperbolic in T, and y elliptic, we also define D7( y, 6) = D,(6, y). 
Proposition 3.5. The function A : T* D7( y, 6) given by Dejinitions 3.1 and 3.4, with 
values in R u {+a} is defined on an open subset of Y(T) for the axes topology and 
is continuous for every fixed y, 6 E lY 
Proof. Fix y, 6 E 1: The set of R-trees T in Y(r) such that IT(~) = &(y) = 0 is closed 
for the axes topology. Fix an R-tree T in the complementary open subset. 
(1) Suppose that y and 6 are hyperbolic in T. If T’ is sufficiently close to T, the 
same property holds in T’. 
If D,(y,s)<O,then -DT(y,6)=$(l-r(y8)-/7(y)-I-r(6)) (Proposition 1.6). For 
T’ near T, we also have I& y6) - IT.(y) - I,( 6) > 0, and DTr( y, 6) is given by the 
same formula (Proposition 1.6). Hence A is continuous at T. 
If 0~ DT( y, 6) < +OO, then the axes of y and 6 in T meet in a compact subset. 
For every sufficiently large integer n, the axes of the isometries 6”yK” and 6-“~6” 
do not meet A,,. Their intersections with A6 are located on A8 on each side 
ofthe segment A, n A,. See Fig. 10. We then get DT( y, 6) = -DT(S”yG-“, K”y6”) + 
D,(6”y6-“, y)+ D,(6F’y6”, y). 
Fig. 10 
Denote by ST the right member of this equality. According to the preceding 
reasoning, for T’ close to T, the numbers D,(6”y6-“, 6p”y6”), D,s(6”y6p”, y) and 
D,,(F”y6”, y) are negative. So the axes y and 6 in T’ are not biradiating. If ST is 
positive, then ST. would also be positive for T’ near T. Hence we would have 
DT( y, 6) = S,,. Since ST. and ST, are close, A would be continuous at T. Otherwise 
ST = 0, and ST’ would be close to 0. Then, since D,J y, 6) = $S,., and DT( y, 8) = 0, 
A is continuous at T. 
Suppose now that DT( y, 6) = +co. Let us prove that for every A > 0, if T’ is near 
T, then D&y, 6) > A. To replace y and 6 by one of their power does not change 
the value of DT( y, 6). We therefore assume that IT(y) > IT(S) > 2A, and that y and 
6 translate in opposite directions. Then (Proposition 1.6(3)) IT(y8) = IT(y) - &(S). 
For T’ near T, we have IT(y) > I,( 6) > 2A and lr( y6) < l,(y). According to Proposi- 
tion 1.6, the isometries y and 6 then have axes in T’ meeting in a non-degenerate 
segment, and their translation directions are opposite. Moreover, we have either 
II.( 8) 4 DTp( y, S), or lT.( 6) - 2D& y, 6) = 1,,( y6) - lT.( y) < 0. The result then follows 
from IT( 6) > 2A. 
(2) We now have to consider the last situation, when after a possible permutation 
of y and 6, the isometry y is hyperbolic in T and 6 elliptic. For E > 0 sufficiently 
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small and A > 0, there is a neighbourhood ‘V” of T such that for every T’ in V, we 
have 
(i) I,,( 6) < E. 
(ii) /MY) - MY)I < F and IT(y) > 0. 
(iii) IM$) - MYS)I < e and I,( ~6) > 0 if IT( ~6) # 0. 
(iv) I&(y, 6y6-‘)- D,(y, 6yK’)] < F if A, and A6,& 1 are neither equal nor 
biradiating. If &( ‘y, SyK’) f 0, then &( ‘y, 6~6~‘) and Dr,( y, 6~6~‘) have 
the same sign, and their absolute value is greater than 2~. 
(v) If A., and As,,, 1 are equal or biradiating, then &(y, Sy6-‘) > A. 
Let us show that for every T’E Y we have ID&y, 6) - &( y, S)/ < 2~ if &( y, 6) < 
+OZ and D,( y, 6) > A otherwise, after possibly reducing V. 
Case 1. Suppose that no point in A,, is fixed by 6. Let z be the nearest point to 
A, fixed by 6. Let x be its projection on A,. According to Fig. 8, the axes A,, and 
A -1 are disjoint. By hypothesis (iv), y and 6yK’ then have disjoint axes in T’. 
Bliydes, note that Dr( y, &K’) = 2&( ‘y, S) = I,(y) - lr( y6), according to Proposi- 
tion 1.7(2). In particular, if IT(~) = 0, then no point of AL is fixed by 6. In this case, 
the result follows from (ii) and (iii). 
So suppose that IT.(~) f 0, and that A: and A; have a non-empty intersection. 
As A; and A& -1 are disjoint, this intersection must be compact. Denote it by [x’, y’] 
so that 6 translates x’ towards y’. Then y’ lies on the segment [x’, 6x’] and 0~ 
-D&y, SyK’) = d(y’, 6x’) s d(x’, 6x’) < E. That is a contradiction to hypothesis 
(iv). 
The last possibility is that l-r(S)#O, and that the intersection of A: and AL 
is empty. Then 0~ -Dr,( y, 6~6~‘) = -2&(y, 6)+ I,(6) (see Fig. 2). As 
D,(y, 6yK’) =2Dr(y, 6), the result follows from hypotheses (i) and (iv). 
Case 2. Suppose that there exists a point in A, fixed by S, and that the axes of 
y and 6~s~’ meet in a non-degenerate segment [x, y]. Suppose that the translation 
directions of y and 6yK coincide on it. (The points x and y may be at infinity; 
with some good conventions, the reasoning is still valid.) 
Then according to (iv) and after possibly reducing “Y, the same properties hold 
in T’. According indeed to Proposition 1.6, two hyperbolic isometries (Y and /3 
translate in opposite directions on the intersection of their axes (if it is non- 
degenerate) if and only if IT(~yP)< r,(c~)+/~(P). Besides, (Y and p translate in 
opposite directions if and only if (Y- ’ and /3 translate in the same direction. 
If 17.(S) = 0, then the result follows from the definition of Dr.(y, 6) and from 
hypotheses (iv) and (v). 
If I-r(6) f 0, the axes Al and A; necessarily meet in a segment [x’, y’] so that if 
~5 translates x’towards y’, then SX’E [x’, y’]. Hence D,( y, 6) = DT.( ‘y, GyS-‘) + l,,(6). 
As &(y, 6~6~‘) = Dr(y, a), the result follows from hypotheses (i), (iv) and (v). 
Case 3. Suppose that there is a point in A,, fixed by 6 and that the axes of y and 
SyK meet in a non-degenerate segment [x, y]. Suppose that the translation direc- 
tions of y and 6~6~’ are opposite. Then the situation is the same in T’. Note that 
by definition &( y, 6) = 0. 
214 F. Paulin / The Gromov topology on R-trees 
If I,.( 6) = 0, then we also have &(-y, 6) = 0. 
If Z,(6) # 0, since A: n A&- 1 f 0, the axes A', and A; meet in a non-degenerate 
segment [x’, y’] (denoted so that 8 translates x’ towards y’). According to the 
condition on the translation directions, the isometry 6 sends a non-degenerate 
segment of the half-line in A\ meeting A; at x’ into the half-line of A\ meeting Ai 
at y’. In particular, we have y’ = 8x’, and &( y, 6) = l,(6). The result then follows 
from hypothesis (i). 
Case 4. Suppose that there exists a point in A,, fixed by 6 and that the axes of 
y and SyF1 meet in a single point x’. Then DT( ‘y, 6) = 0 and &( ‘y, 6~6~‘) = 0. 
If /r.(6) = 0 and no point in A: is fixed by 6 then, according to the first case, we 
have Dr(y, 8) = $Dr(y, 6yS-‘). The result then follows from (iv). 
If Ir( 6) = 0 and if there is a point in A\ fixed by 6, then by definition Dr,( y, 6) 
is equal to 0 or to Dr(y, 6~6~~). The result follows from (iv) too. 
If lr(8) f 0, according to the preceding cases, we have 
OS-D,(y,6)<1,.(6) or O~-D,,(y,6y6-‘)=-2O,,(y,6)+1,.(6) 
or &( y, 6) = Dr,( ‘y, 6yF’) + I,.( 6) or Dr.( ‘y, 8) = I,( 8). 0 
4. The Gromov topology 
We are going to define the Gromov topology on F_(r) by exhibiting a neighbour- 
hood basis of an R-tree T in F(r). Take an E > 0, a finite subset P of r, and a 
compact subset K of T. We denote by V,( E, P, K) the set of elements T' in F‘(r) 
such that there exist a compact subset K' of T' and a closed relation 3 in K x K' 
which is onto (i.e. pr,(%) = K and prz(Z) = K') and which is a P-equivariant 
c-approximation between K and K’ i.e. 
(I) Vx,y~K,vx',y'~ K', x6Rx’and y%y’ + Id(x,y)-d(x’,y’)[<e, 
(2) Vx E K, tlx’ E K’, SLY E P, ax E K and x32x’ =3 CYX’ E K' and ax’?iZ~x’. 
Let us prove that { Vr(&, P, K)}F,P,K is indeed a neighbourhood basis. If Y lies 
in VT(&, P, K) n VTr(&', P', K'), then this intersection contains V,(inf(n, n’), Pu 
P', C u C') with 7, v’, C, C’ defined in the following way. The subset C of Y is a 
compact subset such that there is a closed P-equivariant &-approximation 3 between 
K and C. The real number 77 > 0 is chosen such that sup{ld (x, y) - d (c, d)l} < F - 7, 
where the supremum is taken over x, y in K and c, d in C such that ~6% and y%d. 
We define 7’ and C’ in the same way. 
Note then the following fact. Suppose there is a P-equivariant &-approximation 
between a compact subset K of T and a compact subset K' of T', and a 
P’-equivariant &‘-approximation between K' and a compact subset K" of T”. Then 
there exists a (P n P’)-equivariant (E + &‘)-approximation between K and K". 
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Note that we can easily replace the P-equivariant property (2) by the following 
(2’) (see [16]). We will then say that 3 is e-equivariant relatively to the subset P 
of r. 
(2’) Vx E K, tlx’, y’ E K ‘, VCY E P, ax E K, x%x’ and cux%y’ + d (ox’, y’) < F. 
Since r is countable, and since a minimal R-tree is the union of a countable 
family of compact subsets (Proposition 2.4), then every element of .Y(I‘) has a 
countable neighbourhood basis. In the definition of the Gromov topology, we can 
replace compact subsets of T by finite subsets of T. 
Proposition 4.1. Let TE F(r). The neighbourhoods Vr(e, P, K) with F > 0, and P, 
K jinite subsets of 1‘ and T respectively, form a neighbourhood basis of the Gromov 
topology at T 
Proof. To prove this assertion, it is sufficient to show that for every E > 0, every 
compact subset K of an R-tree is “naturally” (i.e. for the action of r) &-close to a 
finite subset of T. For every E’> 0, a compact set K contains a finite &‘-net (subset 
X of K such that every point in K is at distance less than E’ from a point in X). 
For example, the centers of finitely many balls of radius E that cover K make up 
a finite E-net of K. 
So let X be a E/2-net of K. Then the &-approximation 3 between K and X, 
defined by x%!x’ if and only if x E K, X’E X and d(x, x‘) < ~12, satisfies assertion 
(2’) for every finite subset P of lY 0 
We are now able to show the equality between the Gromov topology and the 
axes topology on y-(r). 
Theorem 4.2. The Gromov topology is stronger than the axes topology on Y(r). 
Proof. Let T be an element of Y(r). We must show that every neighbourhood 
V,(F,Q)=(T’~~(T)~~‘~EQ,JI~(Y)-I~.(Y)(<F}~~ Tfortheaxestopologycon- 
tains a neighbourhood of T for the Gromov topology. Note that VT(~, Q’u Q”) = 
V~(E, 0’) n VT(~, Q”). As Q is a finite subset of r, we can restrict our study to the 
case P consists of a singleton {y}. We thus have to prove that the map TH I,( y) 
is continuous for the Gromov topology. 
Case 1. The isometry y is hyperbolic in T. Let x E T be a point in the axis of y. 
We have in particular d(x, yx) = I,(y) and d(x, yx) + d( yx, y*x) - d(x, y*x) = 0. 
Set P = {y, y’} and let 0 < E S I,( y)/4. Let T’ be an element of Y_(r). Suppose 
that there exists a P-equivariant &-approximation 3 between the compact segment 
K = [x, y2x] and a compact subset of T’. Choose a point x’ in T’ such that x%x’. 
Then yx E K and y2x E K, hence yx%yx’ and y’x%y’x’. So, 
]d(x, yx)-d(x’, yx’)]<e and ]d(x,y2x)-d(x’, y’x’)l<~. (*) 
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Let us prove first that the isometry y can not be elliptic in T’. Otherwise, the 
midpoint z’ of the segment [x’, yx’] would be fixed under y (Remark 1.5), hence 
under y*. Let z” be the midpoint of [x’, y’x’], which lies on [x’, x] according to 
Remark 1.5 (see Fig. 11). Then 
d(x’,yx’)sd(x’, yx’)+2d(z’,z”)=d(x’, yx’)+2d(z’,x’)-2d(x’,z”) 
= d(x’, yx’) + d(x’, yx’) - d( yx’, y2x’). 
Fig. 11. 
Since 2d(x, yx) - d(x, y’x) = 0, it then follows from (*) that d(x’, yx’) < 3s. Hence 
ZT( y) = d(x, yx) < d(x’, yx’) + c < 4~. This would contradict the choice of E. 
The isometry y is therefore hyperbolic in T’. Denote by A\ its translation axis 
in T’. According to Construction 1.3, we have (see Fig. 12) 
d(x’, yx’)=2d(x’, A\)+&-(y) and d(x’, y2x’)=2d(x’,A~)+21,(y), 
hence 
2d(x’, yx’)-d(x’, y2x’)=d(x’, yx’)+(d(x’, yx’)-d(x’, y’x’)) 
= d(x’, yx’) - f&y). 
X1 YX’ Y2X' 
. . . 
Ai 
b 
Fig. 12. 
By (*), we now get Id(x’, yx’) - f,(y)1 < 3s and I&(y) - My)( <4&. 
Case 2. The isometry y is elliptic in T. 
By definition, IT(y) = 0. Let x be a fixed point of y in T. Take then P = {r} and 
B > 0. Let T’ be an element of Y(r) and 9? a P-equivariant e-approximation between 
the compact segment K = {x} and a compact subset of T’. There is a point x’ in T’ 
such that x%x’. But yx E K and yx9yx’. Hence ]d(x, yx) - d(x’, yx’)\ < E and 0~ 
IT’(Y) < F. 0 
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To prove the converse of Theorem 4.2, we will need the following lemma. 
Lemma 4.3. Every compact segment in an R-tree T endowed with a minimal action of 
r is contained in a translation axis. 
Proof. Denote by S = [x, x’] this segment. Because T is minimal (Proposition 2.4), 
there exist two axes A,, and A,, containing respectively x and x’. Let z (resp. z’) be 
the point in S such that A,, (resp. A,,,) meets S along the segment [x, z] (resp. [x’, z’]). 
According to Remark 2.8, there exists an axis A6 (resp. A,,) disjoint from A, 
(resp. A,.). Translate it with a sufficiently large power of y (resp. y’) or y-’ 
(resp. y’-‘). Then we may suppose that if y (resp. y’) is the projection of A6 (resp. A,.) 
on A,, (resp. A,.), the point x (resp. x’) lies between z (resp. z’) and y (resp. y’). 
So the segment [x,x’] is contained in the connecting arc between A6 and As.. 
According to Proposition 1.6(l), the translation axis of 2%’ contains the segment 
[x,x’]. cl 
Theorem 4.4. The axes topology is stronger than the Gromov topology on F(r). 
Proof. The proof begins with a remark of Lyndon [lo] and Chiswell [3,4]. 
Remark 4.5. Let T be a non-empty R-tree endowed with a minimal action of lY Let 
x be a point in T. Denote by ]lrll the length of the segment between x and ‘yx. Set 
(see Fig. 13) 
x~Y,~~=~~IlYll+ll~ll-IlY~‘~l/~. 
Denote by T’ the disjoint union of the segments S, = [0, I] r]l] for every y E r, 
with the following gluing conditions: we identify t E S, and t’E S, if 0~ t = t’s 
x( 7, 6). The space T’ is naturally endowed with an action of K Then the “canonical” 
map from T’ onto T is an equivariant isometry. 
Moreover, for every finite subset P of r, denote by T’p the space built from the 
disjoint union of the S,, with y E P, where S, and S, with y, 6 in P are glued as 
above. The map Tip+ T’ is then an isometry (whose image is the convex hull of 
{x} u Px). This can easily be shown by induction. 
Fig. 13. 
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Let T be an element of 9(r). Let E > 0. Let P be a finite subset of r and let K 
be a finite subset of T (Proposition 4.1). To prove the theorem, we will show that 
every neighbourhood VT(.z, P, K) of T for the Gromov topology contains a neigh- 
bourhood of T for the axes topology. We are going to look for a “canonical” base 
point X, and then use the Lyndon-Chiswell construction. 
Note that for every point x of T, there is a finite subset W of r such that K is 
contained in the union of the segments [x, ax] with (Y E W. According indeed to 
Lemma 4.3, a segment S with endpoint x, and whose other endpoint is in K, is 
contained in a translation axis A,. Thus S is contained in [x, @“xl or [x, p-“x] for 
a sufficiently large n. 
Suppose first that T does not consist of one line. We fix two elements y, 6 in r 
that are hyperbolic in T and with disjoint translation axes (Remark 2.8). Let x be 
the midpoint of the connecting arc between these axes. Let a E IY 
First suppose that x is not fixed by cy, and does not lie on the (possible) axis of 
(Y. Then the distance between x and its image by LY is given by the following formula: 
d(x, ax) = 2 SUP{-&(% S), -&(% Y))+ MY, 6) + MaI 
with the function &(a, 6) defined as in Definitions 3.1 and 3.4. To check this 
formula, observe that by hypotheses on x and (Y, at least one of the translation axes 
A,,, As is disjoint from the translation axis or fixed point set of (Y. 
For every a E r, we then have 
d(x, ax) =sup{O, [2 suP{-&(% 6), -&(a, y)]+ MY, S)l>t- Mcf). 
Remark 4.6. [5]. Using Lemma 3.2 and Remark 4.5, this formula shows that the 
map from Y_(r) to R:‘, that associates the translation length function IT. to an R-tree 
T, is one-to-one. 
According to Section 3, the following properties are open for the axes topology: 
_ The isometry cx E r is hyperbolic on the R-tree T in 9(r). 
- The axes of the hyperbolic isometries a and p are disjoint in r 
If T’E Y-(r) is sufficiently close to T for the axes topology, we are then able to 
define x’ to be the midpoint of the connecting arc between the translation axes of 
y and 6 in T’. The formula for d(x, (YX) will be valid in T’ after replacing x by x’. 
We then define a relation 9? between the union in T of [x, LXX] with (Y E W u I’ J PW 
onto the corresponding union in T’ of the [x’, ax’]. The relation 6% c T x T’ consists 
of the graphs of the maps which sends each [x, LYX] linearly onto [x’, ax’], for all 
CXE WUPUPW. 
The lengths of the intervals depend continuously on T for the axes topology 
(Proposition 3.5). Moreover, the gluing conditions of Lyndon and Chiswell are 
linear in the lengths of [x, ax] with (Y in W u Pu PW. It is easy to see that 2 is 
an s-approximation. Because the constructions are natural, the relation 9? is 
&-equivariant relatively to P (i.e. satisfies the assertion (2’)). 
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The last case we have to consider now is when T consists of one line. There is 
an element S of r that is elliptic in T, with a single fixed point z. (Otherwise, the 
group r would fix both ends of T.) Fix such a 6. Also fix y in r that is hyperbolic 
in T. Let YC be a segment in T containing K, the point z fixed by 6, and the images 
of K by the isometries in P. We denote its length by I(YC). We suppose that the 
translation length of y in T is sufficiently larger than I(YC). 
Let T’ be sufficiently close to T for the axes topology. According to Proposition 
3.5, the isometries y and SyS’ have axes in T’ meeting in a long segment S’= [x’, $1, 
on which they translate in opposite directions. (The points x’, y’ are possibly at 
infinity, and we use the classical conventions.) 
Lemma 4.7. Zf (Y is an elliptic isometry of T distinct from the identity, then cy is elliptic 
in T’, for T’ sujiciently close to T. 
Proof. Otherwise, to respect the conditions of the intersection of the axes of y and 
“y&l, we would have the situation of Fig. 14. But this contradicts the fact that the 
axes of y and c12ya -’ in T’ do meet if T’ is close to T for the axes topology. 0 
AY A ayci’ A&2 
b p A 
_,,,,,,,,,,~_,l 
2 ) Aa 
x CCX OlX a3x 
Fig. 14. 
So denote by z’ the unique fixed point of S in A,. Suppose that y translates x’ 
towards y‘ in T’. Consider the unique isometry sending Y’ into A& preserving the 
translation directions induced by 7, and sending z onto z’. Its graph 9?z is of course 
an &-approximation. What is left to be done is to show that %! satisfies the property 
(2’) of &-equivariance relatively to P. 
First of all, the point z’ is “far” from the endpoints of the segment S’. The distance 
between z’ and x’ is indeed not less than i( I,.( y) - I,( 76)) according to Proposition 
1.7. As IT( yS) = 0 and Ir( y) is large, the distance d (z’, x’) then is large. Because S2 
fixes A,, the translation axes of the isometries y and 6’ yS2 meet in a long segment 
in T’. So the distance between z’ and y’ is large too, for T’ close to T for the axes 
topology. 
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If (Y E P is hyperbolic in T, then (Y has an axis in T’ meeting S’ in a long segment. 
As above, the point z’ must lie on this segment, and must be far from the endpoints. 
Because the translation lengths in T’ are close to those in T, the relation 92 is 
e-equivariant relatively to {a}. 
In the same way, if (Y E P is elliptic in T, then aya-’ has an axis in T’ meeting 
S’ in a long segment. This one contains z’ far from its endpoints. 
If y and c~ya -’ translate in the same direction on T, then the same property holds 
in T’ (Proposition 3.5). Moreover, T is fixed by LY (Proposition 1.7), and (Y moves 
points of the image of K by 92 by a distance I,(a), which is small. 
If y and ayC’ translate in opposite directions on T, then the same property 
holds in T’. According to Lemma 4.7, a is elliptic in T’. The isometry (Y thus has 
a unique fixed point z,, in A\. According to Proposition 1.8, the distance between 
z, and z’ is the half of the translation length of a& Moreover, the position of z,, 
on one side or on the other side of z’ is determined by the relative translation 
directions of y and a& For T’ near T for the axes topology, the relation 92 is hence 
E-equivariant relatively to {a}. This completes the proof of Theorem 4.4. 0 
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